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Abstract. We compare and contrast two approaches to the structure theory for Lie pseudo- 
groups, the first due to Cartan, and the second due to the first two authors. We argue 
that the latter approach offers certain advantages from both a theoretical and practical 
standpoint. 
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The aim of this paper is to compare the structure theory for Lie pseudo-groups developed by 
the first two authors in [16] with the classical Cartan theory, [3j SI E] • The former relies on the 
contact structure of the infinite diffeomorphism jet bundle, whereas Cartan's is based on the 
prolongation of exterior differential systems. We show that the two theories are isomorphic in the 
case of transitive Lie pseudo-groups, but lead to different structure equations when dealing with 
intransitive pseudo-group actions. We then argue that the former theory offers some distinct 
advantages over the Cartan structure theory in this situation. 

Our reference point is the well-established structure theory for finite-dimensional Lie groups. 
Let G be a Lie group of dimension r = dim G. The commutators 



i=l 



(1.1) 



between the infinitesimal generators - that is, a basis Vi, . . . , vy for its Lie algebra q - prescribe 

'L, which serve to uniquely characterize a connected Lie 



the structure constants C l - k 



group G up to a discrete subgroup. 
Maurer-Cartan structure equations 



j<k 



Equivalently, the structure of G can be based on the 



(1.2) 



satisfied by the Maurer-Cartan one-forms /x , which form the dual basis of the dual 
space g*. It is noteworthy that the same structure constants appear in both the Maurer-Cartan 
structure equations and the commutator relations. 



*This paper is a contribution to the Special Issue "Elie Cartan and Differential Geometry". The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/Cartan.html| 
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The key obstruction hindering an immediate generalization of the finite-dimensional structure 
theory to infinite-dimensional Lie pseudo-groups is the lack of an appropriate abstract object 
to represent the pseudo-group itself. Thus, at least in our current state of knowledge, Lie 
pseudo-groups are inextricably bound to the manifold on which they act. The appropriate 
Maurer-Cartan forms thus must be suitably invariant differential forms living on the manifold 
or, better, on some bundle associated with the action. The approach developed in [16] is based 
on the bundle of infinite order jets of pseudo-group transformations and the invariant contact 
forms thereon. 

More specifically, the bundle of infinite jets of local diffeomorphisms belonging to the pseudo- 
group forms a subbundle - indeed a subgroupoid - of the infinite diffeomorphism jet bundle. 
The Maurer-Cartan forms will be identified as the right-invarian10 contact forms on the latter 
jet bundle, and their structure equations are readily found. Restricting the diffeomorphism- 
invariant contact forms to the pseudo-group jet subbundle results in a system of Maurer- 
Cartan forms for the pseudo-group, whose structure equations are obtained by restriction of 
the diffeomorphism structure equations. Remarkably, the restricted invariant contact forms, 
which are no longer linearly independent, satisfy a collection of linear algebraic constraints that 
can be immediately obtained by lifting the infinitesimal determining equations for the pseudo- 
group. This allows us to immediately establish a complete system of structure equations for 
any Lie pseudo-group directly from its infinitesimal determining equations, thereby avoiding 
the more cumbersome and unintuitive prolongation construction advocated by Cartan. We em- 
phasize that the method does not rely on the explicit formulas for the Maurer-Cartan forms, 
and only needs elementary linear algebra to extract the complete structure equations. More- 
over, the construction can be readily implemented in any coordinate system on the underlying 
manifold, and avoids having to identify the invariants and work in the specially adapted coordi- 
nates as required by Cartan's method. As a result, the theory can be immediately applied in a 
broad range of examples, and the necessary algorithms are straightforwardly implemented using 
standard symbolic software packages such as Mathematica or Maple. 

Another advantage of the contact form approach is that it applies equally well to both transi- 
tive and intransitive pseudo-groups, and naturally includes finite-dimensional Lie transformation 
groups as a particular case. In the transitive case, we show that the Cartan structure equations 
are isomorphic to those satisfied by the invariant contact forms. However, a direct isomorphism 
is no longer valid in the more challenging case of intransitive pseudo-group actions. Furthermore, 
the Maurer-Cartan structure equations established here are directly dual to the commutator 
equations for the infinitesimal generators of the pseudo-group, and, moreover, coincide with the 
structure equations (jl.2|) when the pseudo-group is of finite type. This is in contrast to Cartan's 
version, which, in particular, produces nonzero structure constants/functions for intransitive ac- 
tions of abelian pseudo-group and Lie group actions, [23] , thus making the connections between 
the structure equations and the Lie algebra of infinitesimal generators somewhat obscure. 

One of the main results of Cartan is that any Lie pseudo-group, after a finite number of pro- 
longations, is characterized by leaving a coframe and a certain number of functions invariant. By 
virtue of the Cartan-Kahler theorem, [15] , Cartan's structure equations serve as integrability 
conditions on the invariant coframe. The invariant coframe constructed by Cartan depends on 
the realization of the pseudo-group action, and two pseudo-groups that are isomorphic in the 
sense of Cartan, [UE1G2], can have non-isomorphic Cartan structure equations. On the other 
hand, our Maurer-Cartan structure equations are always isomorphic under Cartan's notion of 
isomorphism of pseudo-groups, [23[ [24], 

Pertinent references on the general theory of Lie pseudo-groups include the classical works of 
Lie, [HI 02], Cartan, [21 HI [5], and Vessiot, [25], along with a variety of contemporary treatments, 



Alternatively, one can use the left-invariant forms. As in the references, for specificity, we focus on the 
right-invariant constructions here. 
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13 El El [3 [IHl US HSl H3 EH [22]. The basics of jet bundles, contact forms, and the variational 
bicomplex can be found, for instance, in [HHS]- Applications of these results in the method of 
moving frames for pseudo-groups can be found in \17\ [T8] . 



2 The diffeomorphism pseudo-group 

We begin by describing the structure of the most basic pseudo-group. Let M be a smooth Tri- 
dimensional manifold and write T> = T>(M) for the pseudo-group of all locaU diffeomorphisms 
ip\ M -> M. For each < n < oo, let C J n {M,M) denote the bundle of their re-th order 
jets. We remark that £>( n ) carries the structure of a groupoid, p3], whose multiplication is 
provided by algebraic composition of Taylor series (when defined). There are natural right and 
left actions of V on the jet bundles P™, denoted by R v and L^, respectively. 

Local coordinates (z,Z^) on £>( n ) are provided by a system of source coordinates z = 
(z 1 , . . . , z m ) on M, target coordinates Z = (Z 1 , . . . , Z m ) also on M, and jet coordinates Z b A 
representing the partial derivatives d k ip b (z)/dz ai ■ ■ ■ dz ak of the local diffeomorphism Z = tp(z). 
Here A = (ai, . . . , at), with 1 < a u < m, indicates a multi-index of order k = j^A < n. In what 
follows, we will consistently use lower case letters, z, x, u, . . . for the source coordinates and the 
corresponding upper case letters Z, X, U, . . . for the target coordinates. 

At infinite order, the cotangent bundle T*P(°°) C T* J°° (M , M) naturally splits into hori- 
zontal and vertical (contact) components, spanned respectively by the coordinate differentials 
dz , . . . , dz m , and the basic contact forms 

in 

r b A = dZ b A -^Z b Aa dz a , b=l,...,m, #A>0. (2.1) 

o=l 

The decomposition of T*T>(°°^ accordingly splits the differential d = djtf+da, where the subscript 
on the vertical differential dc refers to the groupoid structure of T)(°°'. In particular, if F(z, Z^) 
is any differential function, then 

m m 

d M F = Y,(^F)dz a , d G F = Y,Yl 7iW T A> 



87 b 

a=l 6=1 #A>0 A 



where 



p. m „ 

^ = ^ + EE4^. a = l,...,m, (2.2) 

6=1 #A>0 A 

denotes the coordinate total derivative operators. 

Since the target coordinate functions Z a : D(°°) — > K are clearly invariant under the right 
action of D, so are their differentials dZ a . The splitting of the differential into horizontal and 
contact components is also right-invariant. This implies that the one-forms 

773 

a a = d M Z a = Zldz h , a = 1, . . . , m, (2.3) 

6=1 

form an invariant horizontal coframe, while 

7T3 

H a = d G Z a = T a = dZ a - Y Z£dz b , a = l,...,m, (2.4) 

6=1 



2 Our notational conventions allow the domain of definition of a map tp: M — > M to be a proper open subset: 
dom</p C M. Also, when we write Z = <p(z) we implicitly assume z £ domi/). 
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are the zero-th order invariant contact forms. Writing the horizontal component of the differential 
of a differential function F : — > R in terms of the invariant horizontal coframe 



TO 



d M F = }^(0 Z aF)a a , 

a=l 

serves to define the dual invariant total differential operators 

TO 

B Z a =Y^w b a B zb , a = l,...,m, (2.5) 
6=1 

where 



KM (1) )) 



dz a 

denotes the inverse Jacobian matrix. Thus, higher-order right-invariant contact forms are ob- 
tained by successively applying the invariant differential operators (|2.5p to the zero-th order 
invariant contact forms (|2.4p : 

H a A = B^ a = B z -i ■••B Z a fc/ x a , a=l,...,m, #A>0. (2.6) 

The differential operators D^i , . . ., D^ m mutually commute, so the order of differentiation 
in ([2.6)1 is immaterial. As in [16], we interpret the right-invariant contact forms /U^ 00 -* = 
(. . . [i a A . . .) as the Maurer-Cartan forms for the diffeomorphism pseudo-group T>, and they, 
together with the horizontal forms (|2.3|) provide a right-invariant coframe on T>(°°K 

The diffeomorphism structure equations satisfied by the Maurer-Cartan forms are easily 
established, [16]. They can be concisely expressed by introducing the vector- valued Maurer- 
Cartan formal power series = (/^[iT], . . . , /i m [ff]) T , with components 

M°[ff]= E a = l,...,m. (2.7) 

#A>0 

Here H = (H ,...,H m ) are formal power series parameters, while A\ = ii! ^ • • • imh where 
ii stands for the number of occurrences of the integer I in A. The structure equations for the 
right-invariant forms \x a A are obtained by comparing the coefficients of the various powers of H 
in the power series identity 

d/i[fl] = V/4if] A (/4-H] - (2-8) 

where dZ = (dZ 1 , . . . , dZ m ) T , and where V/i[-ff] = (<9/i a [.ff]]/<9if b ) denotes the mxm Jacobian 
matrix obtained by formal differentiation of the power series (|2.7p with respect to the parameters. 
The complete structure equations for the diffeomorphism pseudo-group are then furnished by 
equations (|2.8p together with the equations 

da = V/i[0] A a (2.9) 



for the invariant horizontal forms a = (a 1 , . . . ,a m ) T . We restrict the structure equations 
to a target fiber (t ( - co ^)~ 1 (Z) C X>(°°) to obtain the Maurer-Cartan structure equations for the 
diffeomorphism pseudo- group. This amounts to setting 

= dZ = ff + /i[0], so that cr = -/i[0]. (2.10) 

Consequently, the structure equations (|2.9|) for the horizontal forms cr become identical with the 
structure equations for the zero-th order Maurer-Cartan forms fi a = /^ a [0]]. 



On the Structure of Lie Pseudo-Groups 



5 



Theorem 2.1. The Maurer-Cartan structure equations for the diffeomorphism pseudo-group T> 
are 

d/4ff] = V/4tf]A/4tf]]. (2.11) 

Example 2.2. For the pseudo-group D(M) of local diffeomorphisms of M = R, the Maurer- 
Cartan power series is 

00 TJTL 

^-^ re! 

n=0 

where /U n = B^^O; re = 0, 1,2 . . ., are the right-invariant contact forms on The individual 

components of ()2.1ip yield the expressions 

V^/ n \ n — 2 z + 1 / re + 1 \ 

i=0 i=0 n \ * / 

which reproduce the structure equations found by Cartan, [U equation (48)]. 

Expanding the power series (12, 7p . we find that the Maurer-Cartan structure equations (12. lip 
have the individual components 

E E(J^6 A /*B. ( 2 - 12 ) 

C*=(A,B) 6=1 ^ ' 

involving the multinomial coefficients 
'C\ C ! 

when C = JB) = (a 1} . . . ,a k ,h, . . . ,k) 



A) A\B\ 

is the union of two multi-indices A = (ai, . . . , a&) and -B = (bi, . . . , b{), either of which can be 
empty. 

Remark 2.3. Since the higher order Maurer-Cartan forms [x'q are defined by (|2.6p . their struc- 
ture equations (|2.12p can also be derived by Lie differentiating the structure equations for the 
zero-th order invariant contact forms fi a . By direct computation 

m 
6=1 

and, from the Leibniz rule, we obtain 

d» a c = d (Dg/i a ) = Dg (df) = Dg III A (// - dZ b )J 

E E (a) A - d(B§Z 

C=(A,B) 6=1 ^ ' 



The last term, d(Bf Z b ), is non-trivial only when ^i? = 0. Restricting the last equation to 
a target fiber (t^ qo ^)~ 1 (Z) we recover the Maurer-Cartan structure equations (|2.12p . 
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3 Lie pseudo-groups 

Let Q C T> be a sub-pseudo-group acting on M and let £?(") C V^ n \ < n < oo, denote the 
corresponding subgroupoid of n-th order jets of its local diffeomorphisms. Roughly speaking, 
Q is called a Lie pseudo-group provided that it can be identified as the solution space to a system 
of partial differential equations. There are several variants of the precise technical requirements 
to be found in the literature; ours are the following. 

Definition 3.1. A sub-pseudo-group Q C T> is called a Lie pseudo-group if there exists n* > 1 
such that, for all finite n > n*: 

1. £ {n) C 

j){ n ) forms a smooth, embedded subbundlc; 

2. vr™ +1 : £( n+1 ) -> is a fibration; 

3. if j n ip C Q^ n \ then ip G 

4. t?( n ) = pr^ n_n )(/("*) is obtained by prolongation. 

The minimal value of n* is called the order of the Lie pseudo-group. 

Thus, by condition 1, the pseudo-group jet subbundle C 2?( n ) is prescribed in local 
coordinates by a system of n-th order (typically nonlinear) partial differential equations 

FW(z,zW) = 0, (3.1) 

known as the n-th order determining equations for the Lie pseudo-group Q. By construction, for 
any n > n*, the system (13. If) is locally solvable, and its local solutions Z = (p(z), by condition 3, 
are precisely the pseudo-group transformations. Moreover, by condition 4, the determining equa- 
tions in order n > n* can be obtained by repeatedly applying the total derivative operators (12. 2\\ 
to those of order n* . 

Let g denote the local Lie algebr^l of infinitesimal generators of our pseudo-group Q, i.e., 
the set of locally defined vector fields whose flow maps belong to the pseudo-group. Let J n Q C 
J n TM, < n < oo, denote their n-jets. Fiber coordinates on the vector field jet bundle 
J n TM are given by for 1 < b < m, < j^A < n, representing the partial derivatives 
d k C b (z)/dz ai ■ ■ ■ dz ak of the components of a vector field 



written in local coordinate z = (z , . . . , z m ) on M. By linearizing the n-th order pseudo-group 
determining equations (|3.ip at the n-jet of the identity transformation, we see that the subbundle 
J n Q C J n TM can locally be viewed as a system of linear partial differential equations 



for the coefficients Q(z) = (£ (z), . . . , C m {z)) of the infinitesimal generators, called the infini- 
tesimal determining equations of the pseudo-group. In particular, if Q arises as the symmetry 
pseudo-group of a system of partial differential equations, then (|3.3p is the involutive comple- 
tion of the usual system of determining equations resulting from applying Lie's infinitesimal 
symmetry algorithm, |15j . 

The Maurer-Cartan forms associated with the Lie pseudo-group Q are obtained by pulling 
back the diffeomorphism Maurer-Cartan forms (|2.6I) to the pseudo-group jet bundle ^(°°)cP (oo) . 

3 By "local Lie algebra", we mean that the vector fields v 6 g may only be locally defined, and that, for 
v, w 6 g, the Lie bracket [v, w] G is only defined on their common domain of definition. 




(3.2) 



a=l 




(3.3) 
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The restricted Maurer-Cartan forms are, of course, no longer linearly independent. However, 
the induced dependencies can, perhaps surprisingly, be explicitly prescribed with the aid of the 
infinitesimal determining equations, |16j . 

Theorem 3.2. The complete set of linear dependencies among the right-invariant Maurer- 
Cartan forms is provided by the linear system 

L(°°)(Z,At (oo) ) =0, (3.4) 

obtained from the linear determining equations ()3.3[) by replacing the source variables z a by 
the corresponding target variables Z a , and the infinitesimal generator jet coordinates Q b A by the 
corresponding Maurer-Cartan forms /i b A . 

The equations (|3.4j) are called the lifted infinitesimal determining equations for the Lie pseudo- 
group Q. (See [16] for additional details on the lifting process.) Thus, the structure equations 
for our pseudo-group can simply be obtained by restricting the diffeomorphism structure equa- 
tions (|2,lip to the solution space to the lifted infinitesimal determining equations (|3.4p . 

Theorem 3.3. The Maurer-Cartan structure equations of a Lie pseudo-group Q are obtained 
by imposing the linear relations prescribed by the lifted infinitesimal determining equations (|3.4p 
on the diffeomorphism Maurer-Cartan equations (I2.11|) : 

( d^Hj = V/4F] A ^Hj ) | L( „ w< ») )=0 . (3.5) 

Remark 3.4. The motivation behind the need to restrict the Maurer-Cartan forms to a target 
fiber can be readily understood in the context of finite-dimensional Lie group actions. In 
this situation, t^°°> : Q(°°> — > M will typically be a principal G bundle, and, consequently, the 
independent Maurer-Cartan forms on £/(°°) and their structure equations, when restricted to 
a target fiber {t^°°^)~ 1 {Z) ~ G coincide with the usual Maurer-Cartan forms and their structure 
equations fll.2j) . 

However, it is worth pointing out that, due to the appearance of the coordinates z in the 
infinitesimal determining equations f|3.3j> . the basis of q* prescribed by the independent restricted 
invariant contact forms [i b A may vary from fiber to fiber as the target point Z ranges over M. 
Consequently, the structure coefficients in the pseudo-group structure equations (|3.5|) may very 
well be Z-dependent. It is noteworthy that, when Q is of finite type and so represents the 
action of a finite-dimensional Lie group G on M, the resulting variable structure coefficients 
Cj k (Z) represent the same Lie algebra q and so are all similar, modulo a Z-dependent change of 
basis, to the usual constant structure coefficients associated with a fixed basis of 9*. In contrast, 
this is not necessarily the case for infinite-dimensional intransitive pseudo-group actions. The 
non-constant invariants (under change of Maurer-Cartan basis) of the structure coefficients are 
essential invariants, first exposed by Cartan, [HI [22] ; see [231 El] for further details, comparing 
Cartan's approach with ours. The existence of essential invariants is one of the key obstacles 
preventing the construction of a suitable abstract object representing the pseudo-group. 

4 Cartan structure equations 

In this section we provide a brief overview of Cartan's method for constructing the structure 
equations for a Lie pseudo-group. For more detailed accounts, we refer the reader to Cartan's 
original works [H [5] , and to the expository texts [H [22] . 

Given a Lie pseudo-group Q acting on M, we choose local coordinates 

z = (x,y) = (x 1 ,...,x 8 ,y i ,...,if) = (z\...,z m ), s + t = m = dimM, 



8 



P. Olver, J. Pohjanpelto and F. Valiquette 



so that the pseudo-group action takes the form 

X i = x i , Y a = f a (x,y), i = l,...,s, a = l,...,t, (4.1) 

with det(df a /dy 13 ) ^ 0. Thus, the x l are invariants of the action, whose common level sets 
prescribe the t-dimensional pseudo-group orbits in M. Let 

X = x, F^\x,y,Y^) = 0, (4.2) 

be the involutive determining equations. We note that n* > n*, the order of the pseudo-group, 
as the minimal order determining equations might need to be completed to involution, |20j . 
For any 1 < n < oo, let denote the contact system on £>( n ) spanned by the contact forms 
of order < j^A < n, H2.1j) . The first step in Cartan's procedure is to restrict the contact 
system C( n *) to the subbundle C The aim is to recast the determining system (|4.2p 

in terms of the Pfaffian system 

X i -x i = Q, i = l,...,s, a = l,...,t, 0<#A<ti*-1, 



m 

b 



6=1 



= 0. (4.3) 

F(™*)(a;,y,y("*))=0 

For k > 1, let = (Y^, . . . ,YJ() be local parameterizations for the fibers of the bundles 
g( k ) — > g{ k ~ l ) ) where t^ = dimQ^ — dim£/( fe_1 ) is the fiber dimension. The system (|4.3p is then 
equivalent to 

^-^ = 0, i = l,...,s, 

m 

dY a - L2(z, Y, Y {1] )dz a = 0, a = 1, . . . , t, 

a=l 
m 



dY i] ~J2 L ka^ Y ' Y i^ Y M) dza = °> j = i,...,h, 



a=l 



dY lt-l] -J2 L k-l]A z ^ Y Hb- ■ -' Y M)dz a = 0, k = 1, . . (4.4) 



a=l 



where the functions L", . . . , L\ _ 1 i are prescribed by the determining system (|4.2p . With the 
differential forms (|4.4p in hand, Cartan proceeds, in an inductive manner, to derive a system of 
invariant one-forms that serve to characterize the pseudo-group. 

Since the forms dY 1 , . . . , dY l are right-invariant and the action of Q on Q^ n *^ preserves the 
contact system C^ n *\ the forms 



m 

s+a 



a=l 



Y,L«(z,Y,Y {1] )dz a , a = l,...,t, 



must likewise be right-invariant. These together with the invariant forms 

u\ Q] =dx\ i = l,..., a, (4.5) 

constitute a basis of horizontal forms, and hence dz 1 , . . . , dz m can be expressed as linear combi- 
nations of wjpj , ■ • • , . Their exterior derivatives have the form 

m m 

du\ 0] = ]T dL b a (z, Y, Y W ) A dz a = wf 0] A vr£, 6=1,..., m, 

a=l a=l 
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where the one- forms ir h a are certain linear combinations of wL, . . . , w™, dY 1 , . . . , dY 1 , and 
dY^j i • • • i dY^ . The invariance of , . . . , wj^j implies that 

2 wf 0] A - 7r b a ) = 0, 6 = 1, . . . , m, 

0=1 

for all ip G £ such that the pull-back R^{^a) 1S defined. This means that 

^(0 = ^ mod "[a], 

By the assumptions, ti = dim^ 1 ) — dim£/(°) of the tt^ are linearly independent modulo wL, . . ., 
cjj^, dy 1 , . . . , dy*. Those ii differential forms can be written as 

h q 

3=1 a=l 

with det(c*) ^ 0. The coefficients c*- and e l a may depend on the variables z, Y, and Ypj. By 
adding suitable multiples of the we can write 

71-4 = w [l] mod W [0]J • • • > W [o]> * = 1 ' 

where 

ti / m \ g 

w w : = E c H ^i] - E L fi]^^ y ' y w + E < - < Q ) • ( 4 - 6 ) 

j=l V 6=1 / a=l 

Cartan, [U pp. 597-600], now concludes that the one- forms , . . . w*^ , are right-invariant. 
These first order Cartan forms are equivalent to our first order Maurer-Cartan forms (|2.6j) in 
the sense that 

spanjo;^, . . . = span{^ b lx,c«*> c^ >A( C~*))=o }- 

Next by computing the exterior derivatives of the first order Cartan forms (|4.6p and repeating 
the above procedure, Cartan derives ti linearly independent invariant second order Cartan forms, 
and so on, up to order n* — 1. 

The r Uii _\ = m + t\ + £2 + ■ ■ • + *n*-i invariant one-forms so constructed are collectively 
denoted by uj 1 , lo 2 , . . . ,u/ n * _1 without the subscripts. Their exterior derivatives can be written 
as 

<kJ = Yl Cj k ^Au k +J2Y,A^^AwP, i = l,...,r tu _ 1 , (4.7) 

l<j<fc<r n ,_! j=l /3=1 



where 



vf 1 W tn *) = (dY 1 



j ... j 



These constitute Cartan's structure equations. If the pseudo-group acts intransitively, the struc- 
ture coefficients Cj fc , A 1 -^ may depend on the invariants x , . . . , x s . 
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5 Examples 

In this section we illustrate the two structure theories with a pair of elementary intransitive Lie 
pseudo-group actions. 

Example 5.1. Let Q be the infinite-dimensional Lie pseudo-group 

X = x, Y = yf(x) + 4>{x), Z = z(f(x)) x + il>(x), 

where f,(f>,tp G C°°(M) and f(x) > 0. This Lie pseudo-group was introduced by Cartan, [3], as 
an example with an essential invariant. 

We first construct the structure equations using Cartan's structure theory. The involutive 
determining system is 

X = X, Y Z =0, Zy = 0, Z Z = (Y y f, Yyy=0, 

Z zz = 0, Z zx = (Yy) x ^logY y + ^-y (5.1) 

Thus, the fibers of the bundle ttq : — > are parameterized by 

(Y x , Yy , Z x , Y xx , Y X y , Z xx ) , 
and the determining system (|5.ip is equivalent to the Pfaffian system 



X - x = 0, 

T y \ g( 2) =dY -Y x dx- Y y dy = 0, T z | g(2) = dZ - Z x dx - (Y y ) x dz = 0, 

^l\gW = dY x - Y xx dx - Y xy dy = 0, ^ylg(^) = dY y - Y yx dx = 0, 

T*|g (2) = dZ x - Z xx dx - {Y y f (\ogY y + ^p^j dz = 0. 

Cartan's algorithm yields the six invariant one-forms 

uj 1 = dx, oj 2 = Y x dx + Y y dy, uj 3 = Z x dx + (Y y ) x dz, 
A 1 Y 

y I v 

, ,6 ,,z I TZ X ^X ^.y 

By computing their exterior derivatives we obtain Cartan's structure equations 

dio 1 = 0, du 2 = uj 4 " Aw 1 +u 5 A lo 2 , dtu 3 = uj q A uj 1 + xu 5 A lo 3 , 
dui 4 = lo 1 A W 1 + uj 2 A 7f 2 + uj 5 A lo a , duo'' = uj 1 A it 2 , 

duj 6 = uj 1 AW 3 +uj 3 A (uj 5 + xW 2 ) + xlo 5 Aw 6 , (5.2) 

where 

— 1 y I — 2 y i —3 2 1 

n -VxxlgWi 71 -VxylgWi n -Vxxlgm- 

On the other hand, the computation of the Maurer-Cartan structure equations by the algo- 
rithm presented in Section [3] proceeds as follows. The infinitesimal generators 

v = £(x,y,z) d x + r](x,y,z) d y + Q(x,y,z)d z = [a(x) y + (3(x)]d y + [a(x) x z + -f(x)]d z 
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of the pseudo-group action (|5.ip are the solutions of the infinitesimal determining system 

£ = 0, Vz = 0, Cs> = 0, ( z = xr] y , (5.3) 



which can be obtained by linearizing (|5.1[) at the identity. As in (|3.4p . the lift of (|5.3p produces 
the linear relations 

M * = 0, /i| = 0, fi z Y = 0, Vz = X fJ y Y , (5.4) 



among the first order Maurer-Cartan forms. On account of (|5.4p and its first prolongation, the 
structure equations for the zero-th and first order Maurer-Cartan forms are 

d/j? = /j, y x A fi x + fi y A + fi y z A fi z = Hy a M W j 
d// = A /x* + /iy A /i y + /i| A /i z = X/x y A //, 

d/i^ = fi Y Afi y x + n y XY A (5.5) 

d/Xy = 0, 

dn z x = Xn y Y A fi x + 04 + -X>xy) A A** 

The two sets of structure equations (|5.2|) and (|5.5|) are isomorphic provided we set x = X and 
w 1 = in Cartan's structure equations (|5.2p . 



Example 5.2. As the second example we consider the action of a one-dimensional Lie group 
on R 2 by translations 

X = x^0, Y = y + ax, o£l. (5.6) 
Cartan computes the structure equations for this group, [5j p. 1345], and finds 

du> 1 = 0, du> 2 = - u 1 A u> 2 , (5.7) 
x 

where 

uj 1 = dx, u! 2 = dy — — dx. 

x 

Equations (|5.7p involve two independent invariant one-forms and a non- vanishing, variable struc- 
ture coefficient. They obviously do not conform with the structure equations for a one-dimen- 
sional abelian Lie group. 

On the other hand, the Maurer-Cartan structure equations (|3.5p for the pseudo-group (15. 6|) 
have the desired form. First, the minimal order involutive determining system for the group 
action (15.61) is 



X = x, Y-y = xY x , Y y = l. (5.8) 

Linearization of (|5,8p yields the infinitesimal determining equations 

£ = 0, rj = xr] x , r} y = 0, (5.9) 

for the infinitesimal generators v = £(cc, y) d x + r](x, y) d y . The lift of (|5.9p produces the linear 
relations 

^ = 0, » y = X fJ y x , » y Y = 0, (5.10) 

among the first order Maurer-Cartan forms. It follows from (|5.10j) that (i y forms a basis for the 
Maurer-Cartan forms. Its exterior derivative is given by 

dfjfi = ii y Y A n y = 0, (5.11) 

which agrees with the structure equation for a one-dimensional abelian Lie group. As in Examp- 
le 15.11 Cartan's structure equations (|5.Tj) become equivalent with (|5.1ip once we set to 1 = 0. 
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Since there is no abstract object to represent a pseudo-group, saying when two pseudo- group 
actions come from the "same pseudo-group" is more tricky than in the finite-dimensional case 
of Lie group actions. The following definition encapsulates Cartan and Vessiot's notion of 
isomorphism, [4"1 I25j. 

Definition 5.3. Two pseudo-group actions Q\, Qi on manifolds Mi, M2 are isomorphic, written 
Qi ~ Q2, if they have a common isomorphic prolongation, meaning a pseudo-group Q acting on 
a manifold M, and surjective submersions 7Tj: M — > Mi, i = 1,2, such that, for each i = 1,2, 
there is a one-to-one correspondence between elements 99 € Q and ipi £ Qi satisfying 7Tj ip = 

IfiOlTi. 

For example, two actions of the same finite-dimensional Lie group are isomorphic, as one 
can take M = Mi x M2 with the Cartesian product action. Proof of the transitive property of 
isomorphisms, i.e. Q\ ~ Q2 and Q2 ~ Q3, then Q\ ~ Q%, can be found in Stormark, [22]. 

On the other hand, two isomorphic pseudo-groups need not have the same Cartan structure 
equations. A basic illustration of this fact is provided by Example 15.21 Clearly, the group 
action (|5.6p is isomorphic to the group of translations of M, 

Y = y + a, aeR, (5.12) 

which is characterized by the single invariant one-form to = dy. The Cartan structure equation 
of the latter action is, of course, dw = 0, which obviously is not isomorphic to the structure equa- 
tions (15. 7p . On the other hand, the Maurer-Cartan structure equation of the group action (15. 12ft 
is again given by (|5,lip . In fact, it can be proved, [231 [M], that isomorphic pseudo-group actions 
always possess isomorphic Maurer-Cartan equations. 

The two examples above show that, when dealing with intransitive Lie pseudo-group actions, 
the Maurer-Cartan structure equations (|3.5p and Cartan's structure equations (|4.7p do not 
agree. We refer the reader to [23] for more examples. The discrepancy between the two sets 
of structure equations is due to the inclusion of the horizontal forms loL-, , . . . , uL, , cf . (|4.5p , in 
Cartan's version. They do not appear in the Maurer-Cartan structure equations (|3.5p since, 
for a Lie pseudo-group action of the form (14. ip . the first s zero-th order Maurer-Cartan forms 
vanish: 

// = 0, i = 1, . . . , s. 

Restricting to a target fiber yields 

4)]=^ = -^ = °> i = l,...,s. 

On the other hand, for transitive Lie pseudo-group actions, the two sets of structure equations 
are equivalent since the relations (|2.10p provide a one-to-one correspondence between the zero-th 
order Maurer-Cartan forms fir,..., fi m and the invariant horizontal forms a , . . . , a m . 



6 Duality 

In this final section, we investigate the relationship between pseudo-group structure equations 
and the commutator relations among their infinitesimal generators. As we will see, the Maurer- 
Cartan structure equations of Theorem 12 . 1 1 are naturally dual to the commutator relations among 
the infinitesimal generators, in the same sense as the finite-dimensional version in (jl.ip . (|1.2p . 
Under the identification of infinite jets of local vector fields (I3.2p with their Taylor expansions 

• I r ai A z ~Zq) A 



A\ dz a 

1 #A>0 
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the fiber J°°TM\ Z0 inherits a Lie algebra structure. The monomial vector fields 

provide a basis for the vector space J°°TM\ Zo and satisfy the Lie bracket relations 
A „Bi _ f A,B\a\ ^ A ,B\a fB,A\b\^ B A \ b 



In the above equation 



0, a ^ B, 



A 



where B\a denotes the multi- index obtained by deleting one occurrence of a from B. By direct 
inspection, we conclude that, as in the finite-dimensional theory, the commutation relations (16. ip 
are directly dual to the Maurer-Cartan structure equations (|2,12p . 

The duality between the Maurer-Cartan structure equations and the Lie brackets of jets of 
infinitesimal diffeomorphism generators extends straightforwardly to general Lie pseudo-group 
actions. 



Theorem 6.1. The Maurer-Cartan structure equations (|3.5j) of a Lie pseudo-group Q at a target 
fiber (t ( - 00 ^)~ 1 (Z) are dual to the Lie algebra structure equations for the fiber J°°Q\z of the jet 
bundle of its infinitesimal generators. 

The proof relies on the observation that the Lie algebra structure equations for J°°q are 
obtained by imposing the constraints prescribed by the infinitesimal determining equations (13.30 
on equations (|6.ip . while the Maurer-Cartan structure equations of a Lie pseudo-group Q C T> 
are, in turn, obtained by imposing the constraints dictated by the lifted version (13. 4p of the 
infinitesimal determining equations on (|2.12p . The details can be found in |24j . 

Finally, we note that the horizontal forms Um = dx l , i = 1, . . . ,s, in (14. 5p are, naturally, 
invariant under the group of translations X 1 = x l + a 1 . Thus Cartan's equations (|4.7p more 
appropriately reflect the infinitesimal structure of the extended set of transformations 

X i = x i + b\ Y a = f a (x,y), i = l,...,s, a = l,...,t. (6.2) 



acting transitively on M. However, there is no guarantee that the transformations (|6.2p represent 
a Lie pseudo-group. Indeed, for the Lie group action (|5.6I) of Example 15.21 the extension (16. 2p 
has the form 

X = x + b^0, Y = y + ax, a,beR, 

which does not define a transformation group. 
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